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Abstract

A theoretical study on a tubular membrane reactor, assuming isothermal operation, plug–flow pattern and using a dense polymeric
catalytic membrane, is performed. The reactor conversion for an A�B equilibrium gas-phase reaction is analyzed, considering the
influence of the reactants and products diffusion and sorption coefficients, the influence of the total pressure gradient and the influence
of the ratio between the membrane thickness and its internal radius as well as the influence of the feed location (tube side or shell side)
and the co-current, counter-current and cross-flow operation modes. One of the most unexpected conclusion is that for a set of conditions
where the co-current and counter-current flows leads to differences in the reactor performance, the co-current flow is always better than the
counter-current flow, exactly the reverse of what takes place when the membrane performs only gas separation. It is also concluded that
the relative permeate pressure favors or penalizes the conversion, depending on the relative permeabilities of each reaction component. It
is also concluded that the best reactor’s feed location and the optimumrt/δ ratio depend on the relative sorption and diffusion coefficients
of the reaction components as well as on the range of the Thiele modulus and contact time operation values.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

The drive towards greater economic and environmental
efficiency has resulted in the development of more envi-
ronmentally friendly processes, when compared with the
existing technology. An innovation in the recent investiga-
tion has been to create synergy through combined catalytic
and separation technologies. Catalytic membrane reactor
operation is a typical example of such synergistic combi-
nation, with several reactor configurations proposed and
extensively reviewed[1–3]. Among others, it can be re-
ferred the so-called “catalytic membrane reactor” (CMR),
where the membrane is simultaneously permselective and
catalytic, and the “packed bed membrane reactor” (PBMR),
where the membrane is permselective but not catalytic.

The main objective of such an investigation has been to
achieve some conversion enhancement over the thermody-
namic equilibrium value, but other promising advantages are
being studied[4], namely catalytic membrane reactors with
segregated feed of reactants to improve safety and selectivity
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[5–7] and inert membranes for distributed feed of reactants
along the reactor length in PBMR, to improve selectivity
and stability [8–11]. In particular, dehydrogenation reac-
tions with metallic (palladium or palladium alloys)[12–15],
ceramic [16–18], and composite[19–21] membranes are
the most common examples of the conversion enhancement,
with hydrogen being selectively removed. Shifting the ther-
modynamic equilibrium in this way has obvious industrial
interest. It allows for reduced reaction temperatures, thereby
minimizing side reactions and heating costs. Also, both reac-
tion and separation may be achieved in a single unit, making
the membrane reactor a very cost-effective unit operation.

Most of the nowadays discussed reactions susceptible to
be carried out in membrane reactors are in the high tem-
perature range and, sometimes, in chemical aggressive envi-
ronments, so it is not surprising that polymeric membranes
have hardly ever been used, except in biocatalysis. How-
ever, they have attracted an increasing interest in the last
few years, as they present some advantages over inorganic
membranes[2,22,23]. Besides, polymeric membranes can be
easily produced with incorporated catalysts (nano-sized dis-
persed metallic clusters[24,25], zeolites and activated car-
bons[26] or metallic complexes[27–29]) and can be easily
made in different forms (flat, tubes, tubules, hollow fibres
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Nomenclature

Di diffusion coefficient of the componenti (m2/s)
Dref diffusion coefficient of the reference

component (component A) (m2/s)
f variable related with the operation mode

(f = 1 for co-current;f = −1 for
counter current)

Hi Henry’s sorption coefficient of the
componenti (mol/(m3 Pa))

Href Henry’s sorption coefficient of the reference
component (component A) (mol/(m3 Pa))

j variable related with the feed location
(j = 0 for tube side feed;j = 1 for shell
side feed)

kd direct reaction rate constant (s−1)
Ke reaction equilibrium constant
L length of the reactor (m)
pi partial pressure of speciesi in equilibrium

with the sorbed concentration (Pa)
pF
i partial pressure of componenti in the feed

stream (Pa)
pP
i partial pressure of componenti in the

permeate stream (Pa)
pR
i partial pressure of componenti in the

retentate stream (Pa)
Pref reference pressure (feed pressure) (Pa)
PF total pressure in the feed (Pa)
PP total pressure in the permeate side (Pa)
PR total pressure in the retentate side (Pa)
Qref reference volumetric flowrate

(feed volumetric flowrate) (m3/s)
QF total feed volumetric flowrate (m3/s)
QP total permeate volumetric flowrate (m3/s)
QR total retentate volumetric flowrate (m3/s)
r membrane radial coordinate (m)
rP membrane radius on the permeate side (m)
rR membrane radius on the retentate side (m)
rs external membrane radius (shell side) (m)
rt internal membrane radius (tube side) (m)
R local reaction rate (mol/(m3 s))
R universal gas constant (Pa m3/(mol K))
T absolute temperature (K)
xB molar fraction of component B
XA reactor conversion of reactant A
XE

A thermodynamic equilibrium conversion of
reactantA, based on the feed conditions

z tube/shell axial coordinate (m)

Greek symbols
αi dimensionless diffusion coefficient of the

componenti
χA relative conversion(XA/X

E
A)

δ membrane thickness (m)

Φ Thiele modulusδ(kd/Dref)
1/2

γi dimensionless sorption coefficient of the
componenti

Γ dimensionless contact time
((2πrtLDrefHrefRT)/δQref)

ΓMC dimensionless contact time for the
maximum conversion

Γ TPC dimensionless contact time for the total
permeation condition

λ dimensionless axial coordinate
νi stoichiometric coefficient of the

componenti (νA = −1, νB = 1)
Θ relative reaction coefficient

((γBΨB)/(γAΨA))/Ke
ρ dimensionless membrane spatial coordinate
Ψi dimensionless partial pressure of speciesi in

equilibrium with the sorbed concentration
ΨP dimensionless total pressure in the

permeate side
ΨR dimensionless total pressure in the

retentate side
ΨF
i dimensionless partial pressure of component

i in the feed
ΨP
i dimensionless partial pressure of component

i in the permeate stream
ΨR
i dimensionless partial pressure of component

i in the retentate stream
ζP dimensionless total permeate volumetric

flowrate
ζR dimensionless total retentate volumetric

flowrate

and spiral wound)[1,28,30]. The ability of these materials
to be, in some way, tailored to the needs makes them very
promising for future applications.

As a consequence of these developments, there is a grow-
ing need for effective theoretical models that can help under-
standing the potentialities and the limitations of polymeric
membrane reactors, leading to optimized designs. There
are in the open literature several studies about modeling
membrane reactors, although only a few actually deal with
CMR’s (where the catalyst is either the membrane itself,
or it is incorporated in the porous membrane structure or
membrane surface, or it is occluded inside the membrane)
[2,6,31–36]. To the best of our knowledge and beyond our
recent work[32,33], only a few researchers[31,34,35]mod-
eled polymeric catalytic membrane reactors, however, for
conducting liquid phase reactions and considering mixed
flow pattern in both sides.

In a recent theoretical study[32,33], we analyzed the
performance of a dense polymeric catalytic membrane re-
actor when running an equilibrium reaction. The model
considered assumes perfectly mixed flow pattern in both
retentate and permeate sides, flat membrane and isothermal
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operation. In the present work, we will consider a tubular
membrane reactor with plug–flow pattern in both retentate
and permeate sides. We chose a hypothetical equilibrium
reaction A�B, where A and B can embrace more than one
reactant–product, because the proposed model has an ana-
lytical solution for the membrane mass balance equations,
thus allowing for a more accurate and faster solution of the
global model and without compromising the main conclu-
sions. We will analyze the influence of some parameters and
operation modes on the reactor’s conversion, such as the
sorption and diffusion coefficients of the reaction compo-
nents, pressure difference through the membrane, reactor’s
configuration with respect to the flow patterns (co-current,
counter-current and cross-flow), tube side or shell side feed
location and ratio between the tube radius and the membrane
thickness.

2. Model development

Fig. 1 represents a sketch of the catalytic membrane re-
actor considered in the present study. It consists of a tube
and shell chambers at different (but constant) total pressures
PT andPS, respectively, separated by a catalytic membrane
of thicknessδ filled with a hypothetical nano-sized catalyst
homogeneously distributed throughout it. A reaction of the
type A�B is considered. This figure shows a reactor fed
from the tube side and operating in co-current flow. How-
ever, models considering a reactor fed from the shell side
and the operation modes in counter-current and cross-flow
are also considered in the present study. The proposed mod-
els are based on the following main assumptions:

1. Steady state and isothermal operation.
2. Negligible film transport resistance.
3. The flow pattern for the retentate and permeate streams

(co- and counter-current flows) is considered to be plug
flow.

4. Negligible pressure’s drop along the retentate and per-
meate sides.

5. Fickian transport through the membrane.
6. Sorption equilibrium between the bulk gas phase and

the membrane surface described by Henry’s law.
7. Constant diffusion and sorption coefficients.
8. Elementary reaction mechanism.
9. Homogeneous catalyst distribution through the mem-

brane.

Fig. 1. Schematic diagram of the dense polymeric catalytic tubular membrane reactor (for co-current flow and tube side feed).

10. The reaction occurs only on the catalyst nanoparticles
surface.

11. Equal concentration on the catalyst surface and in the
polymer matrix (any relationship could be considered
in principle, but this one simplifies the original problem
without compromising the conclusions).

The mathematical model comprises the steady state mass
balance equations for the membrane and for the retentate and
permeate sides as well as the respective boundary conditions.

2.1. Partial and total mass balances in the retentate side

1

RT

d(QRpR
i )

dz
− 2πrR DiHi

dpi
dr

∣∣∣∣
r=rR,z

= 0, i = A,B

(1)

PR

RT

dQR

dz
− 2πrR

∑
i

DiHi
dpi
dr

∣∣∣∣
r=rR,z

= 0, i = A,B

(2)

The respective boundary conditions are as follows:z = 0
pR
i = pF

i andQR = QF.

2.2. Partial and total mass balances in the permeate side

For co- and counter-current flows, the equations are as
follows:

1

RT

d(QPpP
i )

dz
+ f2πrP DiHi

dpi
dr

∣∣∣∣
r=rP,z

= 0, i = A,B

(3)

PP

RT

dQP

dz
+ f2πrP

∑
i

DiHi
dpi
dr

∣∣∣∣∣
r=rP,z

= 0, i = A,B

(4)

f = 1 or f = −1 according to the flow it is either in
co- or counter-current, respectively. The respective boundary
conditions for co-current flow are as follows:

z = L,

(
dpP

i

dz

)
= 0 and z = 0, QP = 0.

For counter-current flow, the same boundary conditions
are applied, however, at opposite ends.
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For cross-flow operation mode, the composition on the
permeate side at each axial coordinate is considered to be
the result of the permeation rate of the various species[37]:

pP
i (z) = DiHi(dpi/dr)|r=rP,z∑

iDiHi(dpi/dr)
∣∣
r=rP,z

PP (5)

The volumetric flow rate for this arrangement is given by
(it is indifferent the flow direction):

PP

RT
QP(z)+ 2πrP

∑
i

DiHi
dpi
dr

∣∣∣∣∣
r=rP,z

= 0 (6)

2.3. Mass balance in the membrane

DiHi

(
d2pi

dr2
+ 1

r

dpi
dr

)
+ νiR = 0, i = A,B (7)

whereR is the local reaction rate:

R = kd

(
HApA − HBpB

Ke

)
(8)

The corresponding boundary conditions forEq. (7)are as
it follows:

For tube side feed : r = 0, pi = pR
i (z); r = δ, pi = pP

i (z)

For shell side feed : r = 0, pi = pP
i (z); r = δ, pi = pR

i (z)

The variablespF
i , pR

i andpP
i represent the partial pres-

sure of speciesi in feed, retentate and permeate streams,
respectively;pi is the partial pressure of speciesi in equilib-
rium with the sorbed concentration;PF, PR andPP are the
total pressures of the feed, retentate and permeate streams,
respectively;QF, QR and QP the total volumetric flowrate
of the feed, retentate and permeate streams, respectively.R
is the universal gas constant andT the absolute temperature.
rR = rt andrP = rs for tube side feed;rR = rs andrP = rt

for shell side feed, wherert is the internal membrane radius
(tube side) andrs the external membrane radius (shell side);
r the radial coordinate perpendicular to the membrane sur-
face;z the axial coordinate along the reactor length;L the
length of the reactor andδ the membrane thickness.Di and
Hi are the diffusion and sorption coefficients of component
i; νi is the stoichiometric coefficient of componenti (νA =
−1, νB = 1); kd the direct reaction rate constant andKe the
reaction equilibrium constant.

In dimensionless form, theEqs. (1)–(7)become as fol-
lows:

d(ζRΨR
i )

dλ
−
(

1 + δ

rt

)j
Γ αiγi

dΨi
dρ

∣∣∣∣
ρ=j,λ

= 0, i = A,B

(9)

ΨR dζR

dλ
−
(

1 + δ

rt

)j
Γ
∑
i

αiγi
dΨi
dρ

∣∣∣∣
ρ=j,λ

= 0, i = A,B

(10)

λ = 0, ΨR
i = ΨF

i and ζR = 1

d
(
ζPΨP

i

)
dλ

+ f

(
1 + δ

rt

)1−j
Γ αiγi

dΨi
dρ

∣∣∣∣
ρ=1−j,λ

= 0, i = A,B (11)

ΨPdζP

dλ
+ f

(
1 + δ

rt

)1−j
Γ
∑
i

αiγi
dΨi
dρ

∣∣∣∣
ρ=1−j,λ

= 0, i = A,B (12)

λ = 1,
dΨP

i

dλ
= 0 and λ = 0, ζP = 0 (for f = 1)

ΨP
i (λ) = αiγi(dΨi/dρ)|ρ=1−j,λ∑

iαiγi(dΨi/dρ)|ρ=1−j,λ
ΨP i = A,B (13)

ΨPζP(λ)+ f

(
1 + δ

rt

)1−j
Γ
∑
i

αiγi
dΨi
dρ

∣∣∣∣
ρ=1−j,λ

= 0, i = A,B (14)

d2Ψi

dρ2
+ 1

ρ + rt/δ

dΨi
dρ

+ νi
Φ2

αiγi

(
γAΨA − γBΨB

Ke

)
= 0, i = A,B (15)

ρ = j (∀λ), Ψi = ΨR
i (λ) and

ρ = 1 − j (∀λ), Ψi = ΨP
i (λ)

j = 0 for tube side feed andj = 1 for shell side feed,
where

ΨF
i = pF

i

Pref
ΨR = PR

Pref
ΨR
i = pR

i

Pref
ΨP = PP

Pref

ΨP
i = pP

i

Pref
Ψi = pi

Pref
ζR = QR

Qref
ζP = QP

Qref

ρ = r − rt

δ
λ = z

L
αi = Di

Dref
γi = Hi

Href

Φ = δ

(
kd

Dref

)1/2

Γ = 2πrtLDrefHrefRT

δQref
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The subscriptsi and ref refer to the i-th and reference
components and the superscripts F, R and P refer to the
feed, retentate and permeate sides, respectively.Ψ is the
dimensionless pressure,α represents the dimensionless
diffusion coefficient,γ the dimensionless sorption coeffi-
cient, ζ the dimensionless flow rate,λ the dimensionless
tube/shell axial coordinate andρ the dimensionless mem-
brane radial coordinate.Φ is the Thiele modulus (ratio
between the characteristic diffusion time of the refer-
ence component and the characteristic reaction time of
the direct reaction) andΓ the dimensionless contact time
(ratio between the characteristic feed flow time and the
characteristic permeation time of the reference compo-
nent). Feed conditions are taken as the reference forPref
and Qref Component A is taken as the reference forDref
andHref.

The relative conversion,χA, is defined as the ratio be-
tween the conversion of reactant A,XA, and the thermody-
namic equilibrium conversion based on feed conditions,Xe

A,
and is used to evaluate the membrane reactor performance.
The reactor’s conversion is calculated using the conventional
equation:

XA = 1 − ζRΨR
A + ζPΨP

A

ζFΨF
A

(16)

We still need to define the relative reaction coefficient, which
measures how far the reaction is from the thermodynamic
equilibrium:

Θ = (γBΨB)/(γAΨA)

Ke
(17)

2.4. Solution strategy

The general strategy used for solving the model equa-
tions is the same as adopted before[32,33]: in order to
overcome numerical instability problems, especially for
counter-current flow and for high Thiele modulus values,
a time derivative term was added to the right-hand side
of Eqs. (9) and (11), transforming this problem into a
pseudo-transient one. The composition on the permeate
side for cross-flow operation mode (Eq. (13)) was calcu-
lated using a Newton–Raphson iterative scheme. The mass
balance equations for the membrane (Eq. (15)) were solved
analytically (seeAppendix A); ζR and ζP from Eqs. (10)
and (12)were computed using Simpson’s rule. The partial
differential equations resulting from (9) and (11) were spa-
tially discretized using a tailor-made code based on finite
differences. The time integration routine LSODA[38] was
then used to integrate the resulting set of time dependent
equations. The solution is considered to be in steady state
when the time derivative of each dependent variable and for
each of the spatial coordinate is smaller than a pre-defined
value.

3. Results and discussion

A study on how the sorption and diffusion of the reac-
tion components affects the reactor conversion as a function
of the contact time (Γ ) and Thiele modulus (Φ) values was
done previously[39]. It was concluded that the reactor’s
conversion could be significantly enhanced if the diffusion
coefficients of the reaction products are higher than the re-
actants ones and/or the sorption coefficients of the reactants
are higher than the reaction products ones. In the present
work, we will study the influence of other parameters and
operation modes.

3.1. Influence of the reactants and products
diffusion coefficients

Fig. 2(upper part) shows the contact time at the total per-
meation condition (TPC), i.e. when the retentate flow is zero
[39], as a function of the Thiele modulus and for different
dimensionless diffusion coefficients of component B. Lower
part shows the relative conversion of the reactor as a function
of the Thiele modulus, for different dimensionless diffusion
coefficients of component B and for different contact times.
It is clear from these results that, for an intermediate range
of Thiele moduli, the attainable conversion in the reactor
could be far above the thermodynamic equilibrium value;
the higher the diffusion coefficient of the reaction product,
the higher is the reactor conversion (seeFig. 2, lower part).
It can also be seen that the maximum conversion is attained
at the TPC. Associated with this behavior, it can still be
referred that, for a given set of diffusion coefficients, the
contact time at the TPC decreases with the Thiele modulus
and, for a given Thiele modulus value, it decreases with an
increase of the diffusion coefficient of the reaction product
(seeFig. 2, upper part). As the contact time is related with
the reactor size, these results show that the reactor should
operate for intermediate Thiele modulus values and for a
ratio between the diffusion coefficient of the reaction prod-
uct and the reactant as high as possible. The enhancement
of the reactor conversion is due to the selective separation
of the reaction product. For medium/high Thiele modulus
values, this separation effect is offset, because the backward
reaction rate overtakes the direct reaction rate[39].

3.2. Influence of the reactants and products
sorption coefficients

Fig. 3(lower part) shows the relative conversion of the re-
actor as a function of the Thiele modulus for different contact
times and for different dimensionless sorption coefficients
of component B. In the upper part, it is shown the contact
time as function of the Thiele modulus values for the TPC
and for the maximum of the conversion as a function of the
Thiele modulus values. As it can be seen, the highest con-
version is now achieved forΦ → ∞ and the conversion’s
enhancement improves inversely with the ratio between the
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Fig. 2. Upper part: contact time at the TPC as a function of the Thiele modulus for differentαB values. Lower part: relative conversion as a function of
the Thiele modulus for differentαB and contact time values (αA = 1, γi = 1, ΨF

A = 1, ΨR = 1, ΨP = 0.1, rt/δ = 10, j = 0, f = 1 andKe = 0.25).

sorption coefficient of the reaction product and the reactant.
However, the improvement in the conversion penalizes con-
siderably the reactor size, which is proportional to the con-
tact time. So, there should be an optimal contact time for
such cases.

This figure shows also that the maximum conversion is
now reached for a contact time (ΓMC) lower than the one at
TPC, in opposition to the previous case (seeFig. 3, lower
part). This results from the combination of the reactant’s
permeation rate and the reaction rate effects[39]. Working
in this region of contact time values could be advantageous
from the strict point of view of maximizing the conversion,
but has the disadvantage of losing a fraction of reactants that
leaves the reactor with the retentate stream.

3.3. Influence of the permeate flow operation

When working with only gas separation, the counter-
current flow is better than the co-current one with respect
to permeate enrichment or product recovery, leading the
cross-flow to an intermediate performance level with respect
to the same variables[40]. However, when a chemical re-
action takes place inside the selective polymeric catalytic
membrane, the results are different.Fig. 4 shows the rel-
ative conversion of the reactor as a function of the Thiele

modulus, for different contact times and for counter-current,
co-current and cross-flow operation modes (lower part) as
well as the contact time at the TPC as a function of the
Thiele modulus and for the same operation modes (upper
part). These results are reported forαB > 1, but the conclu-
sions are still the same whichever is the relative value of the
sorption and diffusion coefficients. As it can be seen from
this figure, the co-current operation mode is the best and the
counter-current is the worst. It can also be seen from this fig-
ure that, for the different operation modes, the differences in
the reactor performance are relevant only for a medium/high
contact times and for an intermediate Thiele modulus range.
For low contact times, the net result depends almost exclu-
sively on the retentate composition and flow rate and the
flow configuration has almost no influence. ForΦ → ∞,
the chemical reaction tends to be in equilibrium throughout
all the membrane, resulting in a limited conversion equal to
the thermodynamic equilibrium one.

The higher efficiency of the counter-current operation
mode when there is only gas separation is the result of a bet-
ter exploitation of the pressure gradients between the tube
and shell sides along the fiber length, as also happens in
other processes in chemical engineering (e.g. heat transfer).
However, for a catalytic membrane reactor like the one in
this study, the partial fluxes through the membrane are not
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Fig. 3. Upper part: contact time at the TPC and at the maximum conversion as a function of the Thiele modulus for differentγB values. Lower part:
relative conversion as a function of the Thiele modulus for differentγB and contact time values (αi = 1, γA = 1, ΨF

A = 1, ΨR = 1, ΨP = 0.1, rt/δ = 10,
j = 0, f = 1 andKe = 0.25).

constant. As can be seen inFigs. 5 and 6, the main changes in
the composition profiles of the reaction components, either
in the retentate side (Fig. 5) or in the permeate side (Fig. 6),
tend to be localized in a progressively shorter region at the
reactor’s feed side end, as the Thiele modulus values in-
creases. In this way, the performance of the reactor depends
essentially on what happens in this region. For co-current
or cross-flow operation modes, the pressure of component
B on the permeate side at the reactor’s feed side end is the
minimum possible (the shell side inlet is closed), thus allow-
ing the production of component B inside the membrane to
be maximized. For counter-current flow, on the other hand,
the concentration of the reaction product in such region is
higher than for co-current flow, as a result of the production
earlier on (i.e. for higher axial coordinate). This high con-
centration leads to a back diffusion of component B to the
membrane, as it can be observed by the slight decreasing of
its partial pressure inFig. 6.

The magnitude of the conversion differences for these
three flow patterns depends on the total pressure gradient
between the tube and the shell sides. As the relative per-
meate pressure decreases (ΨP → 0), the reactor’s conver-
sion becomes not influenced by the flow operation mode,
because the difference between the partial pressure gradient

of the reaction components as a function of the flow opera-
tion mode tends to disappear. The existence of a maximum
in the concentration of component B in the permeate side
for an intermediate Thiele modulus value (seeFig. 6) is re-
lated to the maximum of the separation effect, owing to the
higher diffusion coefficient of component B[39].

3.4. Influence of the total pressure gradient

Figs. 7 and 8show the relative conversion and the contact
time at the TPC as a function of the Thiele modulus and for
different total permeate pressures.Fig. 7 reports forαB > 1
and Fig. 8 reports forγB < 1. The first main conclusion
from these two figures is that the contact time for the maxi-
mum conversion, whichever is the Thiele modulus, increases
with the decreasing of the total pressure gradient. This
was expected, because the transport of the reaction compo-
nents through the membrane depends on their concentration
gradients. The second important conclusion concerns the
conversion evolution, whose pattern depends exclusively on
the permeability of the reaction components[39]. On one
hand, the maximum attainable conversion for a higher dif-
fusion coefficient of component B, which takes place for an
intermediate Thiele modulus range, decreases with the total
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Fig. 4. Upper part: contact time at the TPC as a function of the Thiele modulus for different flow operations. Lower part: relative conversion as a
function of the Thiele modulus for different flow operations and contact time values (αA = 1, αB = 10, γi = 1, ΨF

A = 1, ΨR = 1, ΨP = 0.1, rt/δ = 10,
j = 0 andKe = 0.25).

Fig. 5. Molar fractions of the component B in the retentate flow as a function of the axial coordinate, at the TPC and for different Thiele modulus values
and flow operations (αA = 1, αB = 10, γi = 1, ΨF

A = 1, ΨR = 1, ΨP = 0.1, rt/δ = 10, Γ = ΓTPC, j = 0 andKe = 0.25).
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Fig. 6. Molar fractions of the component B in the permeate flow as a function of the axial coordinate, at the TPC and for different Thiele modulus
values and flow operations (αA = 1, αB = 10, γi = 1, ΨF

A = 1, ΨR = 1, ΨP = 0.1, rt/δ = 10, Γ = ΓTPC, j = 0 andKe = 0.25).

Fig. 7. Relative conversion (lower part) and contact time at the TPC (upper part) as a function of the Thiele modulus for different dimensionless permeate
pressure values (αA = 1, αB = 10, γi = 1, ΨF

A = 1, ΨR = 1, rt/δ = 10, Γ = ΓTPC, j = 0, f = 1 andKe = 0.25).
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Fig. 8. Relative conversion (lower part) and contact time at the TPC (upper part) as a function of the Thiele modulus for different dimensionless permeate
pressure values (αi = 1, γA = 1, γB = 0.1, ΨF

A = 1, ΨR = 1, rt/δ = 10, Γ = ΓTPC, j = 0, f = 1 andKe = 0.25).

pressure gradient (seeFig. 7). For this case, the enhancement
of the conversion is a direct consequence of the preferential
transport of the reaction product through the membrane, the
‘separation effect’[39]. In this way, the reactor conversion
is directly connected with the total gradient pressure through
the membrane. As the total permeate pressure approaches
the retentate one, the separation effect is getting more and
more offset and the maximum conversion tends towards the
thermodynamic equilibrium one. For a lower sorption co-
efficient of component B (seeFig. 8), the main differences
in the reactor’s conversion as a function of the Thiele mod-
ulus occur also for an intermediate range of this parameter
(Thiele modulus). However, the conversion increases now
with the decrease of the total pressure gradient, for a given
Thiele modulus value, also as a consequence of the separa-
tion effect: the higher permeability of the reactants through
the membrane penalizes the conversion[39]. In this way, a
decreasing driving force through the membrane decreases
the influence of the separation effect, leading to an increase
of the conversion. On the other hand, the limit conversion
(Φ → ∞) attained for both cases does not change with
the permeate pressure (seeFigs. 7 and 8). In such cases,
any separation effect is completely offset, as the chemical
reaction is in equilibrium throughout all the membrane. The
limit conversion depends only on the relative sorption co-

efficients of the reaction components: a lower sorption for
the reaction product enhances the conversion relative to the
thermodynamic equilibrium value (seeFig. 8); on the other
hand, an equal sorption for all components does not have
any effect on the conversion (seeFig. 7); a higher sorption
for the reaction product penalizes the conversion[39].

The evolution of the contact time at the TPC as a function
of the Thiele modulus for both cases (Figs. 7 and 8) is a
net result of the balance between the conversion evolution
(which affects the contact time, as a result of the average
permeability for the reaction components is changing) and
the evolution of the displacement of the equilibrium fronts
inside the membrane towards its surfaces (which affects the
reaction components residence time inside the membrane)
[39].

3.5. Influence of the feed location (tube side or shell side)
and the rt /δ ratio

Fig. 9 shows the relative conversion (lower part) and the
contact time at the TPC (upper part) as a function of the
Thiele modulus forαB > 1, for different ratios between the
tube radius and the membrane thickness (rt/δ) and for both
tube and shell side feed. As can be seen, the location of the
reactor feed at the shell side is always better than at the tube
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Fig. 9. Relative conversion (lower part) and contact time at the TPC (upper part) as a function of the Thiele modulus for different feed locations and
rt/δ ratios (αA = 1, αB = 10, γi = 1, ΨF

A = 1, ΨR = 1, ΨP = 0.1, Γ = ΓTPC, f = 1, andKe = 0.25).

side, concerning the reactor conversion. These results still
show that, for the tube side feed, the conversion increases
with the rt/δ ratio, while a reverse relation is observed for
the shell side feed. Such trends are a direct consequence of
the membrane’s cylindrical geometry. For a highrt/δ ratio
(membrane approaching the flat shape), the membrane area
is nearly constant as a function of the radial coordinate and
the influence of the feed location (tube or shell side) is neg-
ligible (seeFigs. 9 and 10). But as thert/δ ratio decreases,
the membrane area varies more and more with the radial
coordinate, leading to a favorable or unfavorable impact on
the reaction components concentration. For the tube side
feed, both the chemical reaction and membrane’s cylindrical
geometry, which area increases with the radial co-ordinate,
contribute to decrease the reactant concentration, leading in
this way to a conversion penalization. When the reactor is
fed from the shell side, on the other hand, decreasing of the
area as the reactants proceeds through the membrane lessens
the impact of the chemical reaction on the reactant concen-
tration, keeping it higher and enhancing the conversion in
this way (seeFigs. 9 and 10).

For eachrt/δ, the differences on the contact time with re-
spect to the feed location (seeFig. 9, upper part) are a con-
sequence of the different attained conversions (component
B is the faster one). This figure still shows an increase of the

contact time with thert/δ ratio. However, such a compara-
tive analyze is not straightforward, because the value ofrt is
different in both cases (the change on thert/δ ratio with con-
stant Thiele modulus implies a change onrt for δ constant).

The former results are concerned to the case where the
diffusion coefficient of the reaction product is higher than
the reactant one. However, they might be extended to a gen-
eral case where the reaction product permeability is higher
than the reactant one. On one hand, the separation effect
leads to an enhancement of the conversion for intermediate
range of Thiele modulus values. On the other hand, the de-
creasing of the membrane area as a function of the radial
coordinate when the reactor is fed from the shell side keeps
the concentration of the reactant (the slowest component)
higher than when the reactor is fed from the tube side.

When the reactant permeability is higher than the reaction
product one, on the other hand, the conclusions are differ-
ent. It was shown inFig. 3 that, for a given Thiele modulus
value belonging to the intermediate range, the reactor con-
version increases with the contact time until a value where
the conversion reaches its maximum value (ΓMC) and then
decreases until the total permeation condition (Γ TPC). Al-
though these results have been obtained forγB < 1, the con-
clusions are kept for a general case when the permeability of
the reaction product is lower than the reactant one.Fig. 11
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Fig. 10. Dimensionless partial pressure of the component B inside the membrane (ΨB) for different feed locations andrt/δ ratios (αA = 1, αB = 10,
γi = 1, ΨF

A = 1, ΨR = 1, ΨP = 0.1, Γ = ΓTPC, Φ = 3, λ = 1, f = 1, andKe = 0.25).

shows the influence of the feed location (tube or shell side)
on the reactor’s conversion as a function of the contact time,
for a few Thiele modulus values and forγB < 1. Contrary
to the previous case, the best feed location (with respect
to the conversion) depends now on the Thiele modulus and
the contact time values. For low Thiele modulus values, the
shell side feed is better than the tube side one, whichever
is the contact time. For medium/high Thiele modulus val-
ues, the shell side feed is better than the tube side feed only

Fig. 11. Relative conversion as a function of the contact time for different feed locations, Thiele modulus andrt/δ ratios (αi = 1, γA = 1, γB = 0.1,
ΨF

A = 1, ΨR = 1, ΨP = 0.1, f = 1, andKe = 0.25).

for contact times lower than the one for the maximum con-
version (ΓMC). As in the previous case, these results are a
consequence of the membrane’s cylindrical geometry. When
Γ < ΓMC, the reaction occurs in the forward direction[39],
and like for the case where the permeability of component
B is higher, the shell side feed location favors the conver-
sion. ForΓ > ΓMC, the backward reaction is the dominant
one[39]. In this way, the enhancement of the component’s
B concentration leads to a higher decrease in the conversion.
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Fig. 12. Contact time at the TPC as a function of the Thiele modulus for different feed locations andrt/δ ratios (αi = 1, γA = 1, γB = 0.1, ΨF
A = 1,

ΨR = 1, ΨP = 0.1, f = 1, andKe = 0.25).

Fig. 11still shows that the influence of the feed location on
the conversion becomes irrelevant as the membrane tends to
the flat shape.

Fig. 12shows that the enhancement of the component B
concentration for a shell side feed leads to a higher contact
time at the TPC, because this component is the slowest (for
the samert/δ ratio). As in the previous case, the differences
between the contact time at the TPC for differentrt/δ ratios
are not comparable.

4. Conclusions

In the present study, we analyzed a dense polymeric cat-
alytic membrane reactor operating in isothermal conditions.
An equilibrium-limited gas phase generic reaction of the
type A� B was considered for the reason that an analyt-
ical solution for the mass balance equations for the mem-
brane can be written. A study was made on the influence that
some parameters and operation modes have in the reactor’s
conversion. The results presented showed that, for a given
set of conditions, it is possible to obtain conversions well
above the thermodynamic value, as for example, when the
reaction products have a lower sorption coefficient and/or
a higher diffusion coefficient than the reactants one. It was
also shown that: the co-current flow is always better than the
counter-current flow; the relative permeate pressure could
favor or penalize the conversion, depending on the perme-
abilities of each component, and the contact time at the TPC
increases as the total pressure gradient across the membrane
decreases; the best reactor’s feed location and the optimum
rt/δ ratio depend on the relative sorption and diffusion coef-
ficients of the reaction components as well as on the range
of the Thiele modulus and contact time values. Although it

was not considered in the present study, the pressure drop
should be taken into account whenever it becomes relevant,
as for example, for membranes with very low internal diam-
eter and/or high length or when the velocity of the retentate
stream is high.
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Appendix A

In this section, the analytical solution for the mem-
brane mass balance equations is presented. Let us consider
Eq. (15), which represents the membrane mass balances.
Making the variable substitutionσ = ρ + (rt/δ), these two
differential equations could be represented in the matrix
form as it follows:

d2Ψ̄

dσ2
+ 1

σ

dΨ̄

dσ
− AΨ̄ = 0 (A.1)

where Ψ̄ represents the vector of dependent variables,[
ΨA

ΨB

]
, and the matrixA is given by:

A =




Φ2γA

αAγA
− Φ2γB

αAγAKe

−Φ
2γA

αBγB

Φ2γB

αBγBKe


 ·
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Considering that component A is the reference one,αA
andγA are unitary and matrixA is further simplified:

A =




Φ2 −Φ
2γB

Ke

− Φ2

αBγB

Φ2

αBKe


 ·

Eq. (A.1)can be transformed in a Bessel equation. How-
ever, the respective solution cannot be obtained directly, as
matrix A is singular. In this way, the system of two equa-
tions represented in (A.1) should be further transformed in
two another linearly independent equations as follows:


d2ΥA

dσ2
+ 1

σ

dΥA

dσ
= 0

d2ΥB

dσ2
+ 1

σ

dΥB

dσ
−Φ2

(
1 + 1

αBKe

)
ΥB = 0

(A.2)

with


 ΥA

ΥB


 =




1

1 + αBKe

αBΥB

1 + αBKe

αBKe

1 + αBKe
− αBγB

1 + αBKe



[
ΨA

ΨB

]

The solution for the first equation of (19) is:

ΥA = C1 + C2 ln(σ) (A.3)

The second equation of (19) can be transformed in a mod-
ified Bessel equation of order 0, after making the substitu-
tionsΦ2 (1 + (1/αBKe)) = η2 andη2σ2 = ω2:

ω2 d2ΥB

dω2
+ ω

dΥB

dω
− ω2ΥB = 0 (A.4)

The solution of this equation is a combination of the
Bessel functionsI0(ω) andK0(ω) as follows:

ΥB = C3I0(ω)+ C4K0(ω) (A.5)

The solution for the initial system of equations (Eq. (15))
is then:

[
ΨA

ΨB

]
= (C1 + C2 ln σ)




1

Ke

γB




+C3




1

− 1

αBγB


 I0(ω)+ C4




1

− 1

αBγB


K0(ω),

with the constantsC1–C4 given by the following expres-
sions:

C1 =

(ΨP
A(λ)+ αBγBΨ

P
B(λ)) ln (δ/rt)+ (ΨR

A (λ)

+αBγBΨ
R
B (λ)) ln (1 + (rt/δ))

(1 + αBKe) ln (1 + (δ/rt))

C2 = ΨP
A(λ)− ΨR

A (λ)+ αBγB(Ψ
P
B(λ)− ΨR

B (λ))

(1 + αBKe) ln (1 + (δ/rt))

C3 =
(αBKeΨ

R
A (λ)− αBγBΨ

R
B (λ))K0 (η(1 + (δ/rt)))

− (αBKeΨ
P
A(λ)− αBγBΨ

P
B(λ))K0 (ηδ/r

t)

(1 + αBKe)[I0(ηδ/rt)K0 (η(1 + (δ/rt)))

− I0(η(1 + (δ/rt)))K0 (ηδ/r
t)]

C4 = −
(αBKeΨ

R
A (λ)− αBγBΨ

R
B (λ))I0(η(1 + (δ/rt)))

− (αBKeΨ
P
A(λ)− αBγBΨ

P
B(λ))I0(ηδ/r

t)

(1 + αBKe)[I0(ηδ/rt)K0 (η(1 + (δ/rt)))

− I0(η(1 + (δ/rt)))K0(ηδ/r
t)]
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